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Abstract

The application of Curvature Scale Space representation in shape similarity retrieval under affine transformation is
addressed in this paper. The maxima of Curvature Scale Space (CSS) image have aready been used to represent
2-D shapes in different applications. The representation has shown robustness under the similarity transformations.
Scaling, orientation changes, trandation and even noise can be easily handled by the representation and its associated
matching algorithm. In this paper, we also consider shear and examine the performance of the representation under
affinetransformations. It is observed that the performance of the method is promising even under severe deformations
caused by shear. The method is tested on a very large database of shapes and also evaluated objectively through a
classified database. The performance of the method is compared with the performance of two well-known methods,
namely Fourier descriptors and moment invariants. We also observe that global parameters such as eccentricity and
circularity are no longer useful in an affine transform environment.

1 Introduction

Considerable amount of information existsin two dimensional boundariesof 3D objectswhich enables usto recognise
objects without using further information. However, despite great effort, the problem of shape representation in
computer visionis still avery difficult one. A shapeisoriginally defined by x and y coordinates of its boundary points
which are subject to transformation if the position of the camera with respect to the object changes. The similarity
transformation includes trandation, uniform scaling and orientation changes. For example, if the distance between
camera and object changes, the size of the boundary contour also changes (uniform scaling).

If the camerais alowed to change its viewpoint with respect to the object, the resulting boundary of the object
will be deformed. For example, a circle will be converted to an ellipse (see also Figure 2 for amore complicated ex-
ample). The deformation can be approximated mathematically by affine transformation when in addition to similarity
transformation, shapes are also subject to shear.

It isalso believed that a 3D object might be represented by a number of standard views eg back, front, above, etc.
The possibility of changesin cameraviewpoint will lead to deformation on either of these views and as aresult, affine
transformation isinevitable in such applications.

A number of shape representations have been proposed to recognise shapes under affine transformation. Some of
them are the extensions of well-known methods such as Fourier descriptors [3] and moment invariants [5, 14]. The
methods are then tested on a small number of objects for the purpose of object recognition. In both methods, the basic
idea is to use a parametrisation which is robust with respect to affine transformation. The arc length representation
is not transformed linearly under shear and therefore is replaced by affine length [6]. The shortcomings of the affine
length include the need for higher order derivatives which results in inaccuracy, and inefficiency as a result of com-
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putation complexity. Moreover, it can be shown [9] that although the arc length is not preserved, it does not change
dramatically under affine transformation.

Affineinvariant scale spaceisreviewed in [12]. This curve evolution method is proven to have similar properties
as curvature evolution [8], as well as being affine-invariant. However, an explicit shape representation has yet to
be introduced based on the theory of affine invariant scale space. The prospective shape representation might be
computationally complex as the definition of the affine curvature involves higher order derivatives.

We have already used the maxima of Curvature Scale Space (CSS) image to represent shapes of boundariesin
similarity retrieval applications [11, 10]. The representation is proved to be robust under similarity transformation
which include trandlation, scaling and changes in orientation. In this paper, we examine the robustness of the repres-
entation under general affine transformation which also includes shear. As aresult of shear, the shape is deformed
and therefore the resulting representation may change. We will show that the performance of the method is promising
even in the case of severe deformations.

Thefollowing isthe organisation of the remainder of this paper. In section 2, CSSimageisintroduced and the CSS
matching is briefly explained. Section 3 is about the affine transformation and the way we create our large databases.
In section 4, we show that the conventional global parameters are not useful and introduce a new global parameter
which can be used to narrow down the range of search. In section 5, we evaluate the performance of the method in two
different ways. The results are then compared to the results of other well-known methodsin section 6. The concluding
remarks are presented in section 7.

2 Curvature Scale Space image and the CSS matching

Consider a parametric vector equation for a curve:

m(u) = (z(u), y(u))
where v is an arbitrary parameter. The formulafor computing the curvature function can be expressed as:

& (u)ij(u) — &(u)y(u)
= . 1
)= T+ W) ®
If g(u,0), a 1-D Gaussian kernel of width o, is convolved with each component of the curve, then X (u, o) and
Y (u, o) represent the components of the resulting curve, T’ :

X (u,0) = z(u) * g(u,0)
Y(u,0) = y(u) * g(u,0)
It can be shown [10] that the curvature of T, is given by:

Xo(t,0) Yoo (u,0) — Xyu(u, o) Yy (u,0) o
(Xu(u,0)? + Yy (u,0)?)3/2

As o increases, the shape of T', changes. This process of generating ordered sequences of curves is referred to as
the evolution of I (Figure 18). If we calculate the curvature zero crossings of I', during evolution, we can display
the resulting pointsin (u, o) plane, where u is the normalised arc length and o is the width of Gaussian kernel. The
result is called the Curvature Scale Space image of the shape. For every o we have a certain curveI', whichin turn,
has some curvature zero crossing points. As o increases, I', becomes smoother and the number of zero crossings
decreases. When o becomes sufficiently high, T',, will be a convex curve with no curvature zero crossing, and we
terminate the process of evolution.

In order to construct the CSS image of a curve, we first re-sample it by 200 equally distant points. These points
are numbered from 1 to 200; which are the values of «. Each coordinate of these points are convolved with a Gaussian
function. The width of the Gaussian, o, is gradually increased and at each level the locations of curvature zero
crossings are determined and registered. The result of this processis represented by a binary image called CSS image
of the curve (see Figure 1). The number of columns of thisimageis equal to the number of equidistant samples of the

k(u,0) =
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Figure 1. a)Shrinkage and smoothing of the curve and decreasing of the number of curvature zero crossings during
the evolution, from left: ¢ = 1,4, 7,10, 12, 14. b)The CSS image of the shape.

curve. In fact, each column relatesto a point on the resampled curve. Each row of the CSS imageisrelated to avalue
of o, starting from o = 1.0 for the bottom row and increased by 0.1 at each level. Theintersection of every horizontal
line with the contours in this image indicates the locations of curvature zero crossings on the corresponding evolved
curvel',.

The CSS image contains a number of contours, each related to a segment of the shape. Thisis clearly shown in
Figure 1. The curveisfinaly represented by locations of the maxima of its CSS image contours. For example, the
shapein Figure 1 is represented by seven pairs of integer values corresponding to seven contours of the CSS image.

Curvature Scale Space Matching The agorithm used for comparing two sets of maxima, one from the input (also
called image) and the other from one of the models, has been described in [10] and [11]. The algorithm first finds
any possible changes in orientation which may have been occurred in one of the two shapes. A circular shift then
is applied to one of the image maxima to compensate the effects of change in orientation. The summation of the
Euclidean distances between the relevant pairs of maxima is then defined to be the matching value between the two
CSS images.

Thefollowing is a condensed version of the agorithm which includes the basic concepts.

o Apply acircular shift to al image maximaso that the u_coordinates of thelargest maxima, one from theimage
and the other from the model become identical.

e Starting from the second largest maximum of the image, determine the nearest maximum of the model to each
maximum of the image.

o Consider the cost of the match as the summation of the Euclidean distances between the corresponding maxima.
¢ |f the number of the image and the model maxima differs, add the o coordinates of the unmatched maxima to
the matching cost.
3 Pureshear transform and our databases
The general affine transformation can be represented mathematically with the following equation.

{ zq(t) = az(t) + by(t) + e 3)
Ya(t) = cz(t) +dy(t) + f
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Figure 2: The deformation of shapes is considerable even with & = 1 in shear transform. The original shape is
presented in top left. Others represent transformation with £ = 1 and 8 = 20°, 40°, ..., 160°, 180°.

where z,(t) and y,(t) represent the coordinates of the transformed shape. There are six degrees of freedom in
this transformation. Trandation and uniform scaling are represented by two degrees of freedom, while change in
orientation needs just one parameter. The remaining parameter is related to shear. The general affine transformation
contains all these transformations. However, it is possible to apply only one of them at atime. Scaling, change in
orientation and shear are represented by the following matrices.

Se: 0 _ [ cos®  —sind (1 k
Ascaling - ( 0 Sy > Arotation - ( sind cosh ) Ashear - ( 0 1 >

If S isequal to Sy, Ascaring represents auniform scaling. A shape is not deformed under rotation, uniform scaling
and trandation. However, nonuniform scaling and shear contribute to the shape deformation under general affine
transformation. In this paper, we examine the performance of the CSS representation under shear transform. The
measure of shape deformation depends on the parameter &, shear ratio, in the matrix A,pcq.. In the present form of
the matrix Agneqr, ¢ axisiscaled shear axis, as the shapeis pulled toward this direction.

Figure 2 shows the effects of affine transformation on shape deformation. In this Figure, shear ratio is selected as
k = 1. In order to achieve different shear axes, we have changed the orientation of the original shape prior to applying
the pure shear transformation. The values of 8 range from 20° to 180°, with 20° intervals. As this Figure shows, the
deformationis severefor k = 1. For larger values of &, e.g. 1.5 and 2, the deformation is much more severe.

In order to create four different databases, we choose four different values for shear ratio, 0.5, 1.0, 1.5 and 2.0.
We then apply the transformation on a database of 500 original object contours. From every original objects, we
obtain 9 transformed shapes with different values of 8. Therefore, each database consists of 500 original and 4500
transformed shapes. We then carry out a series of experiments on these databases to verify the robustness of the CSS
image representation under affine transformations. The following sections are concerned with these experiments.

4 Global parameters

We have aready used the CSS representation for shape similarity retrieval in similarity transformed environment
[10][11]. Since the global shape of a closed curveis preserved under similarity transformation, we used two global
parameters, namely eccentricity and circularity, to filter out dissimilar shapes prior to the CSS matching. Asit is
obviousfrom Figure 2, the global appearance of a shapeis severely changed under shear. In this section we show that
eccentricity and circularity can not be used as shape descriptors under shear. We introduce another global parameter
which is extracted from the CSS image.
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Figure 3: a) and b)The original shapes are not similar to their affine transformed versions with respect to eccentricity
and circularity. ¢) and d) The CSS-based global parameters show better performance. (see section 4)

In order to reject dissimilar models prior to CSS matching, we used to compute ., and a.., and o, asfollows[1].

_lei—en| _lei—cm| _lai—am |
= ml = m 1 g= ————m 1
maz(e;, em) maz(c;, Cm) maz(a;, Gm)

where e and ¢ represent the eccentricity and circularity of the boundary and a represents the aspect ratio of the
CSS image, while i and m stand for image and model respectively. According to their definition, a., a. and o, are
between zero and one. Our experiences show that for globally similar shapes these values are not more than 0.4.

We considered each original shape of our database as the input shape and its transformed versions as the models.
We then computed these parameters for all original images and their associated transformed shapes. For each para-
meter, we obtained 4500 values between zero and one. The accumulative histograms of different parameters for a
shear ratio £ = 1.5 are presented in Figure 3.

As Figure 3a shows, eccentricity can not be used as a shape descriptor under affine transformation, as thereis a
large difference in this parameter between the original and transformed shapes. In more than 45% of cases, a. has
been higher than 0.4. Though this figure is 30% for circularity, it is still much higher than it should be. The aspect
ratio of the CSS image, however, remainsin a reasonable range under affine transformation. Figure 3c shows that «,,
is aways less than 0.2 when an origina shape is used as the input and its transformed version as a model. We also
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Figure 4: Identifying transformed versions of the input query. k is the shear ratio and represents the measure of
deformation. (see section 5)

examined another global parameter called peaks_sum, which is the summation of the heights of the CSS maxima. The
same histogram for this parameter is presented in Figure 3d. Again, in al cases, the original and transformed shapes
have almost the same peaks_sum.

The main advantage of global parametersis that they avoid exhaustive comparison of the input query with every
model of the database.

5 Evaluation

We examined the performance of the representation through two different experiments. The first one was performed
on the databases of section 3. Every original shape was selected as the input query and thefirst n outputs of the system
were observed to seeif the transformed versions of the query are retrieved by the system.

We found out that for £ = 0.5, ailmost al transformed versions of a shape appear in the first 20 outputs of the
system. For k& = 1, on average 99% of transformed shapes of the input query are among the first 20 shapes retrieved
by the system as the similar shapesto the input query. Thisfigureis96% and 94% for k = 1.5 and k = 2 respectively.
The results for different values of k£ and for different numbers of output images are presented in Figure 4. As this
Figure shows, the first outputs of the system, always include a large portion of the transformed versions of the input
guery. These results show that the representation can be used in affine transformed environment. This fact is also
verified by the following evaluation method.

5.1 Objective evaluation with classified database

We have already used the idea of using classified databases to evaluate a shape representation method in shape sim-
ilarity retrieval [2]. A subset of our large database is usually used for this test. Here we have chosen 76 shapes and
classified them in 10 different groups as presented in Figure 5. These are our original shapes and we produce 9 trans-
formed shapes from each original one. As aresult, a group with 8 members will have 80 members after adding the
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Figure 5: Classified database used for objective evaluation consists of 10 different classes. Note that for each original
shape, nine transformed versions are also generated. Therefore, the actual size of the database is 10 times larger than
the size of this database.

transformed shapes. The whole database then will have 760 shapesin 10 different groups.

In order to assign a performance measure to the method, we choose every member of each group as the input
guery and ask the system find the best n similar shapes to the input from the database. We then observe the number
of outputs, m, which are from the same group as the input. The success rate of the system for this particular input is
defined as follows.

Success rate for an input query = x 100

where m ,q2 1S the maximum possible value of m. Notethat m,, ., isequa to n if n islessthan the number of group
members; if not, m,,., Will be equal to the number of group members. The success rate of the system for the whole
database will be the average of the success rates for each input query. We chose different values for n and for each
case, computed the successrate of the method. The results are presented in Figure 6a. Asthis Figure shows, for lower
values of n, the success rate of the system is considerably large. For example, in the case of k¥ = 1.5 and n = 10,
it is98%. In other words, on average 9.8 out of the first 10 outputs of the system belong to the same group as the
input. Thisisasaresult of the fact that the system ranks the outputs based on their similarity measureto the input, and
there is a strong possibility that the most similar models be in the same group as the input query. Asn increases, the
similarity between the bottom ranked outputs and the input query decreases and models from other groups may also
appear asthe output. At the sametime, m,,,,.. isequal ton for n < 80 and increaseswith n. For n > 80, m,,, 4, does
not increase anymore and is fixed at 80, however m awaysincreases with n and therefore this part of each plot has a
positive slope.

5.2 Effectsof global parameters

In section 4 we argued that eccentricity and circularity are not appropriate in affine environment. However, the other
two parameters, namely aspect ratio and peaks.sum may be helpful. We carried out a series of experiments with
different threshold values for each of these parameters and observed that although the improvement on the perform-
ance measure of the system was not significant (2 — 3%), the number of rejected candidates was considerably large
(more than 70% of the database population). As aresult, using global parameters increases the speed of the system
significantly.

6 Comparison with other methods
Fourier descriptors [13] and Moment invariants [4, 7] have been widely used as shape descriptorsin similarity trans-

form environment. Both methods represent the global appearance of the shape in their most important components.
For example, the largest magnitude component of Fourier descriptors represents the dimensions of the best fitted
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Figure 6: Theresults of objective evaluation for different approaches. All terms are defined in section 5.1
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ellipse of the shape. Since affine transformation changes the global appearance of a shape, it is expected that the
performance of these methodsis negatively affected under the transformation.

The modified versions of these methods have been introduced to deal with affine transformation [3, 5, 14]. They
are used in object recognition application and clustering asmall number of shapes. However, it has been shown that the
improvements in modified versions are not very significant in comparison to the conventional versions. Considering
the fact that the implementation of the modified versions is not a straight forward task, we decided to examine the
conventional versions of these methods and compare the results with the results of our method. We will observe that
the difference between the performance measure of our method and the performance measure of each of these methods
isvery large. Evenif we consider 10 — 15% improvement for the modified versions of the methods, their performance
are still well behind the performance of the CSS representation.

We implemented the method described in [13] to represent a shape with its normalised Fourier descriptors. Every
original shape and its transformed was presented by their first 20 components. The Euclidean distance was used to
measure the similarity between the two representations.

The results for different values of & are presented in Figure 6b. The minimum of the performance measure for
different values of & is around 30%, comparing to 70% of the CSS method. At the same time, the Slope of the plots
after the minimum points is not sharp which means that most of the missing models are not ranked even among the
fist 200 outputs of the system.

For moment invariant, each object is represented by a 12 dimensional feature vector, including two sets of norm-
alised moment invariants[4], one from object boundary and the other from solid silhouette. The Euclidean distanceis
used to measure the similarity between different shapes. The results are presented in Figure 6¢c. Comparing this plot
with Figure 6a, alarge difference between the performance of the CSS representation and this method is observed.

7 Conclusion

Inthis paper we demonstrated that the maximaof the Curvature Scal e Spaceimage can be used for shape representation
in similarity retrieval applications even under affine transformation. We observed that the method can identify the
transformed versions of input query among a large number of database models. The results of evaluation of the
method on a classified database of original and transformed shapes showed that the performance of the method is
promising even under severe deformation of the shapes as aresult of affine transformation. The method was compared
with two well-known methods, namely Fourier descriptors and moment invariants. The results showed the superiority
of our method over these methods. We also showed that global parameters such as eccentricity and circularity can not
be used in an affine transformed environment. Consequently, we introduced another CSS-based global parameter and
used it to filter out alarge fraction of dissimilar shapes prior to CSS matching.
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