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Entecheidy,, g<sproblem-
! Such au, 190k ithm ;o

Taz Jounwas or Syusowxc Logic
Volume I, Number 1, March 1936

s Pos</ble

Uber formal gnentscheidba,re Sitze der Principia, Al
Mathematica und verwandter Systeme IY). ;'\‘f /93¢

Yen Kurt Gidel in Wion,
R A NOTE ON THE ENTSCHEIDUNGSPROBLEM OREYT
1. S i o SOMES THE ENTS

AN APPLICATION TO

JMBRRS, WITH ‘
p CHEIDUNGSPROBLEM

Die Entwicklung der Mathematik in der Bichtung zu grijBerer RN RTIL

Fxaktheit hat hekanntlich dazg gefithrt, dab weite (Gebjoto Ry A. M. TupIxG.

In a recent paper! the author has proposed & definition of the commonly

f::ﬁ;ksw;tm‘}f:;?&%m:"B:.]:;lnA:t.sudafi dazj; Beweisen nacl} :3?315(?; A uged term “effectively calculable” aqd has shown on the basis of .this definition o ber, 1936
sondsten derzeil » ufg&siel]% 2 for‘.;;:{:-ﬁfg '\'. Qrden *.kann. .l{le. umfas- yit o r that the g-enelzal. case .of t_?ae Entscheldungsprobl?m is u.nsolvahle‘ in any system (ol 28 May, 1636, —~Read 12 Novembeh
rincipia Mathematiog (P34 einmseit'a}?;n% sind ?aa System der of syrrfbohc logic which is adequate to 2 cert'o.m portion of anthme'tm and is [Reveivee oy as the real
sche (von J. v, Neumari s ic ausgekl‘)ildete) i rue u-Fraenkel- : w-consistent. The purpose of the present note is to outline an extension of this , bers may be described b1l k 5 O
Mengenlchre ) andererseits, Diose beiden S ’Stém xl_t_mleuayste.;n de,r 4. , resull to the engere Funklionenkalkiil of Hilbert and Ackermann.? The “compumble" T . | r-i“ma] are calculable by It umbers.
alle heute in der Mathematik angewcendeten é cwc'e Ntl::d {0 weit, dafi : | In the author’s cited paper it is pointed out that there can be associated : : whose expressions 48 A (et sensibly the computable RUME .
formalisiert, d. h, anf einige Wen?ge Axiome mnd g:l:fw(’dw A d{uen ISt recursively with every well-formed formula® a recursive enumeration of the for- numbers 1 subject of this paper 18 08V : ti“ ate computable functions
geﬂ!llrt sind, Ts liegt daher dije Vermutung Dah; dal rgg'eln surick- [ AR mulas into which it is convertible.® This means the existence of a recursively Although ¢ ally easy to define and m\-;; tﬁ:le sariable, computablc
u.m!]] “’,("h""?‘"-‘%el“ dazn ansreichen, alle ma.themat:is.cheu i?rs er::: m:]l;e : [ defined function a of two positive integers such that, if y is the Gbdel represen- it iz zx.lrr'lost eqlu ,n‘riabl ¢ or a real or conmpu 1‘ m blems involved are,
:;gscnm al(jl(‘:}? Zh{‘-tm‘retll?(‘:ﬂ Systemen Hherhanpt formal aui:irﬁ’c;;e: 2 tation of & well-formed formula. ¥ then 8(#, 7) is the Godel Leprescutebon of the of m:l S d\ zo forth. The f‘-‘lld&mentr:n}:,he comput-ablc pumbers
nicilt :dcr Fu.lij l‘:t: m}s::(i]ef] ‘ Tr]n folger!den wied gezeigt, dals dies = i form-u oo et th? fomulas-inm ?hic'h ¥ 1 convertlbie. wﬂh(mws; ‘3“ ue.in each case, and T have "ho‘s 1brous Lechnigue. 1 hop.c
Systemen sogar rel.ittii" cix:‘;:ch:xa}[i 1;5; i fen belden angaclihrten i LS : COIISIdC;'!' the 35 'st.e . O:f symboht.: !oglc which arises from the engere Funk- howeves %h? Sé # ent as involving the ‘Pjast. {',ﬂfflg.hv computable numbers,
wobnlichen ganzen Zahl Sy rrobleme aus der 'l‘hex.:rle der ge- TR tionenkalkiil by adding to it: as additional undefined symbols, a symbol 1 for for explicit L".em-m- o ant of the relations aEyaY ;‘ 2 development
o : en gibt¢)” die sich aus den Axiomen picht RIE 1 oq ) the number 1 (regarded as an individual), a symbol = for the propositional <hortly to give an acwik ' another. This will in¢ l{ .\ terms of con-
) A Whitohead uziaeiuni ffr ll.fsui’mpe-f]i-mnr Arbeit, . : ' o A L1, asymbol a for the arithmetic function a' 'escn ? n t'e prece' ing para- of the theory _0  According to my dahmt.m.n,

g?nlabﬁgﬁe ll’ez;s.mzll den Axiomen des a-:vm.’nmsng.'\l L:m}b.{,:tfez:iiuﬁ'b 2, Ajuﬂ., JuA : graph, 8;nd p.:y.l'nl::ls by, bz,_v . ‘ ,rbg- f.or thre aunllary fr'l.tl.\metlc f.unctlons which "o ble numbers.  Accorditg BT C oy ine. T by
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AN UNSOLVYABLE PROBLEM OF ELEMENTARY NUMBER
THEORY .

By Aroxzo CHURCH.

1. Introduction., There i5 a clags of problems of elementary mumber
theory which enn be stuled in the form that it is reguired to find an effectively
calculable function f of # positive integers, such that f(z, 25 - -, 2,) —2°

is 2 necessary and sufficient condition for the truth of 2 certain proposition of

clementary number theory involving @, @e,* * *, #y a8 free variables.

An example of such & problem is the problem to find a means of de-
termining of any given positive integer n whether or not there exist positive
integers «, ¥, 5, such that " - y® = 7®. For this may be inlerpreted, required
to find an effectively calculable function f, such that 7(n) is equal to 2 if and
only if there exist positive integers x, ¥, 2, such that o 4 ¢* =z Clearly
the condition that the function j be effectively caleulable is e essential purt

af the nrobhlem zinee withont 1t The nrobhlem becomez trivial

T
Vokme L

S s LN

~

A

da A
TN

141G LoeiC
Jormas OF 2V Musch 1930

1
; dv
h' . . ptesse.
grep n ‘he-rec‘ir s raa by, Be T T Tiaantical



2 ) ¢ 3 y
y 80 . L |
. NG R w9
L U >
. - 'y .
1 1
e S et
S N 3
3
> ‘ N, :
) v \"\ »
y d
1 1'
14 P v B
2 .,; f Min
83414 INRAT
A | ARG
v

:7?""‘; P e
wlomatic

''''

A

: - 2
>
P ARSI AP ST

-
‘.
-":r“i':’

:....: SRS Ele

SRl -

R e g =F .
2o o roy . w ol
- - Mo - R S

If at each stage the motion of a machine (in the sense of §1)is completelyy
determined by the configuration, we shall call the machine an “auto-
matic machine” (or @-machine).
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Computing machines.

>

If an a-machine prints two kinds of symbols, of which the first kind

il (called figures) consists entirely of 0 and 1 (the others being callc.ad symbolg of
00 the second kind), achine will be called a computing machine.
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We can show further that there can be no machine & which, when
supplied with the S.D of an arbitrary machine .\, will determine whether .\\
ever prints a given symbol (0 say).
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Conditional expressions are a device for expressing the de-
_pendence of quantities on propositional quantities. A conditlion-
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(pl_'el”.°’pn_’en) | | | ..
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procedure Absmax(a)size:(n,m)Result :(y)Subscripts: ‘ 8/V/E
(i,k) ;
comment The absolute greatest element of the matrix a, ‘ cﬂ//-éy—va/ue and ca//—éy— name
of size n by m is transferred to y, and the sub-
scripts of this element to i and k
array & ; integern,m,i,k ; realy ;
begin integer p, q ;
y:i=0 ;
for p := 1 step 1 until n do for q = 1 step 1 until
m do
if abs(alp,q])> y then begin yi=abs(alp,q]) ; it=p ;
ki=g
end end Absmax
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Domain-Specific Languages

data Expr where

- Expl"
) cheme .t Expr — Expr

Lax Tree + recurcion ¢ Add :: .

o Var :: String — Expr

[ -

O/ ——

Folding Domain-Speciﬁc Languages: x @ [[y]]
Deep and Shallow Embcddings [[ x | y]] —

' antics
nguage + denotational cem

( Funcu’cna. Pear))

‘eremy Gibbons N colas Wy

Department of Compuger Science, l’ni\rml) of Oxford
[;cromy.g:bbon:.mc:l:n WU @ os.0x ao.uk
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Abstract, We present, an algebraie | realmer| ol exeeplion handler- iand,
more generally, introduce handlers for other Computational cffects repre-
sentahle hy an algebraie theary. Thase include nnm?rm“:rminism, interae-
tive input/cutput, concurrency, state, time. and their combinations; in
all cases the computation menad is the free-madel monad of the theory,
Each such handler corresponds to g model of the theory for the effects
at bhand. The handling construct, which applies a handler Yo a compy-
tation, is based on the one mtroduced by Benton and Kennedy. and IS
interpreted using the homc-morphism induced by the universal Property
ol Lhe [ree model, This gencral constiryg| can be used (4 describe preyi
ously unrelated concepts from hoth theory and Dractice,

1 Introduction

In seming] work, Mopg; Proposed a uniforg representation of Cormputationyl ef
fects by monads [}4.1.),1]. The ‘omputations that retyrn values from a set ¥
are modelled hy elements of 7 X, far g siitable monad 7 Fixamples inclide
€xceptions, nondeterminism, interactive input/ou:put, concurrency, State, time,
continuutions, and combinations thereof, Plotkin and Power lator Proposed to
focus op alyebruie effects, that 18, effects {hat allow a representation by anera
tions and equations B8I20011: the Anevasi. . 0w &

AN ool
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Algebraic Effect Handlers
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- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

- Syntactic Programs are embeddes
Syntax trees that con be inSpected




Algebraic Effect Handlers

do x < or pgq =do or (do x « p; k x)

k x (do x « q; k x) g// ‘\\ g// \\\
handle or

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

‘Algebraic: Operations must recpect @"ﬂwt’c Pr 09rams are embeddel

SYynt.
cubstitvtion and cequencing Ynlox Trees that can be inspected




Algebraic Effect Handlers

do x < or p g =do or (do x « p; k x) or ++
k X (do x « qg; k x) / \ fail / \
handle or
do raz.-; = do fail or 3 — 4t [3]
| /\ S\
fail 5 [ ] [5]

Denotatative: The semantice ic given by a handler

- Syntactic Programs are embeddes

- Algebraic: Dperations must recpect
Syntax Trees that con be gretnd

cubstitvtion and cequencing

that replaces operations with their meaning

.Extencible: Syntox treee can be extended

with new synfactic nodes



Algebraic Effect Handlers

do x < or p g =do or (do x « p; k x)
k X (do x « qg; k x) / \ e op / \ Handle fail / \
do liag = do fail 3] — [3]
/\ / N\ / N\
fail 5 fail [5] [5]

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

- Syntactic Programs are embeddes

- Algebraic: Dperations must recpect
Syntax Trees that con be gretnd

cubstitvtion and cequencing

.Extensible: Syntax trees can be extended Modular: Hoandlers can be compoced to

with new cyntactic nodes give combinations of cemantice




Algebraic Effect Handlers

do x < or p g =do or (do x « p; k x)
k x (do x « q; k x) /\ /\ /\
handle or handle fail
do liag — do fail — <> Just 3 — < Just 3
fail 5 fail Just 5/ Nothing  Just 5

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

- Syntactic Programs are embeddes

- Algebraic: Dperations must recpect
Syntax Trees that con be gretnd

cubstitvtion and cequencing

.Extencible: Syntox treee can be extended Modular: Handlers can be compoced to

give combinations of cemantice

with new synfactic nodes

. Flexible: Multiple semantics can be given

to o particular prograom



Algebraic Effect Handlers

do x < or p g =do or (do x « p; k x)

k x (do x « q; k x)
handle or handle fail

do liag — do fail — < Just 3 — < Just 3
do X < or p ¢ do x < or g p /\ /\
fall fail Just 5/ Nothing  Just 5

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

‘Algebraic: Operations must recpect g_'yhfact:c Pr 09rams are embeddel

¢
cubstitvtion and cequencing Ynlax Trees that can be inSpected

Equational: The relation chip between .Extensible: Syntax trees can be extended Modular: Hoandlers can be compoced to
’ / : / /

with new cyntactic nodes give combinations of cemantice
operations can be expresced by lawe e e — B

. Flexible: Multiple semantics can be given

to o particular prograom



Algebraic Effect Handlers

do x < or p g =do or (do x « p; k x)
k x (do x « q; k x) /\ /\ /\
handle or handle fail
do liag — do fail — < Just 3 — < Just 3
do Xx < or pgq = do X < or q p /\ /\ /\
fail 5 fail Just 5/ Nothing  Just 5

print/get put throw fork read write

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

- Syntactic Programs are embeddes

- Algebraic: Dperations must recpect
Syntax Trees that con be gretnd

cubctitvtion and Qequeucing

Equational: The relation chip between .Extensible: Syntax trees can be extended Modular: Hoandlers can be compoced to
’ / : / /

with new cyntactic nodes give combinations of cemantice

o,bera.ﬁahr can be ex,bregg'ed éy lawe

opekvagive: A/ﬁebka;c e«ﬁ[ecfg cover o Vel’y ‘F/&Xl.b/e.’ Mu/tl}b/e S'et'hAhf/.C(’ CAln ée 9/(/6!4
to o particular prograom

large clase of useful effectc et L




Algebraic Effect Handlers
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do x < or p g =do or (do x « p; k x)

k x (do x « q; k x)
handle or handle fail

do l‘zag — do fail — b Just <> Just 3
do X < or p ¢ do x < or g p /\ /\
fall fail Just/5 / Nothing  Just 5
print/get put throw fork read write

- Denotatative: The semantice is given by a handler
that replaces operations with their meaning

‘Syntactic Programs are embedded

. Algebraic: Operations must respect
Syntax frees that can be incpected

cubstitvtion and cequencing

Equational: The relationship between .Extencible: Syntox treee can be extended :Modular: Hardlers can be compoced to
’ / : / /

with new cyntactic nodes give combinations of cemantice

o,bera.ﬁahr can be ex,bregg'ed éy lawe

+ Flexible: /Mu/ti,b/e cemantics can be given . Efﬁ'cc'e nt: Tntermediate trees con be

. Pervasive: Alaebraic effecte cover a very
e to a particular program avoided, to immediately refurn reculfe N

large clase of useful effecte




Handlers and Heuristics
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list (return x) = [x]
list (fail) = []
list (or p q)

These are not
algebraic operations
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list p + list q

search (fail)
search (return x)

search (search p)

R0/F

Scoped Effects

ce (return x)
ce (fail)
ce (or p q)

on
on
on

= fail
= return x
= search p
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Theory Meets Practice

Algebraic effects are nice, but
we can't express lots of
constructs like if statements
and try/catch as syntax.

Hmm, sounds like you
need scoped effects ...

Wow! That works, but is
it efficient?

Yes! It all fuses!

Amazing! 250x faster than our

previous attempts! We've rolled
this out to production!
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