
t __ .,._ , .. 

.,., 
'. 
' .. 
;: 

.... 
" . 
. :'. 
. '. 

Constructive Logic:i-

- constructivity 

- epistemic logic 

- techniques 
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There are many wa'l~ to understand the 
." 

difference between cla~sical and constructive 
.... 

(intuitionistic, say) 10gic.tWe will consider two: 
~. 

1) direct approach,i 

2) accommodate "c~nstructivity" within the 
c. 

classical framework as ;~the furnishing of extra 

information in a proof. (Nicolas Goodman) 
T 
~ .. 
;~. 
.~~ 

:~ 
.=." 
}~ 

A .direct approach: t 
7-; 

Intuitionistic logic "arQse" as the logic of 
'~f, 

co.nstructions: ~. 

;. - analyse the idea'of~ construction 
:~ 

. - use it to "justify" rules 
-. 
'~ 
~ . 

. :~ 



Heyting's interpretation 

(of the logical constants): 
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,,: . 
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We can introduce a "proof predicat~', TI: 
. " 

2 

TI(c, A) : c is a constructive prqof of A 

'l':', ~~ 

1 ,~~ 
. :{;: l'~l' 

::;""~} 
. . ~:.: .;;;. ~':t~ . 

'. :!l 
"'" ,~. .- .~:. ~? "l .' ~L 't .... 

~, :t.;,:'.- . ~;,? 
;i.!" ~ 

:~~. :';.:' ':~. 
:~ ..... ," .~~ .. 

where the constructions are understood as;L .J. ':~: 
" -;'.' ::{ :~j: 

:~;~~~ from a domain of constructi~ns close~ III 
a) application c(c') . . '., ;ii 
b) pairing (and unpairing) c t (co, C1) ; r'~ 
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~~ We can now give clau~es for interpreting the 
, { 

logical constants: ::; 
, . 
.... 
~ 

· TI(c, A /\ B) iff TIeCoI A) and II(C1, 8) 
':. , 
" 

· TI(c, A v B) iff n(po, A) or II(C1, 8) 
l' 

· TI(c, .., A) iff Vq. 

if II(~, A) then II(c(d), f) 
':1 
i, 

'where f i~',some "contradiction", 

dependent on the dom~.ineg over the natural 
~;. 

numbers f might be O~.1. 
~ . .. . :. 

· TI(c, A ~ B) iff v~. 

if TI(d, A) then TI(c(d), B) 
t· 
i. 
f: 
" '. ";-
-~, 

'" .i, .•. 

.' 
-.1;. 
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Note: 

1\, V are "local" 

." are "global" 
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:'. :~?; 
• . •••••..• : ',;'-j •. ~~.: 
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"';' .:if. 
-•• : .• ~.... "f' '~ ... /... '. . . . ;". ~~ ': 

:~;. ..t .~;. 
"::,.. .. ~.i.: .i.;: 

:1J 

If we fix our domain of quantificati9n, say to 

llt 
.:~: ~. . ... 
·i;· .'~~.'. T.t.:: 
'f~ ~ 
: ',: ~~f:' .. ~:. 

TI(c(n), A("n" for x)) '. Y :'-'j 

;,: i !' I 

the natural numbers, then: 
':' 

TI(c, 3x. A(x)) 
.. 

iff TI( co, A("C1 ":\for x)) 

TI(c, '\Ix. A(x)) iff '\In. t·, 

Kreisel's modification: 

- add second constructions to -7i,", and V'.I.: 'ft 
ie c = (co, C1) where C1 replaces /c (on the': '.' .).X 

":,. : l.: ,::' .. ~.~. 
,;. 

right of the 'iff' above) and Co prov~s C1 does.' '.~~: 
.:1 

the job. 
.: 

.. 
" 

,' . 

Note 
" 
,d 

'i­
-: 
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Sundholm's analysis of t~is modification is that 

it . guarantees the d~'cidability of the IT 
'i. 
r 
.~ pr~d icate. r. 

: { 

In',: this approach to t"semantics" logical 

principles are justified by appeal . to 
.:.. 

~ .' 
mathematical constructibns, (in contrast to the 

.: t· 

us:ual justification of mathematics in terms of 
l~ 

logic). {. 
.~ 

" ., . ~ ~ 
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A presentation .. .: 

6 " 

.' .1 

.1:: 

· '.,.; 

An all introduction rule presehtation ot, ':'~' 
intuitionistic logic is given by: 

(AI) rI-A rl-B 

rl-AAB 

(lA) r, A, B I- C 

r, A A B I- C 

(vi) rI-A rl-B 

rl-AvB rl-AvB 

r, A,I- C r, B I- C 

r, A v B I- C 

~ . .~ 

, " 

" ~ 

:' 
" 

", 

.... 

", 

,: , , 
: .I.~ • 

::, 'f' 
..... ~.:~: 

· .'~~ ..... 
, " 

;' '~'I' ". ~ 
." . 

: '. I .... ..' 
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. :i 
:'.t:. 
'. ~ · ~,' 

, ,:" 

~, '. ::;, 

. :'J 
;, 

::~ : :: 
';' . 

• 4' .: ~:'. 

t. :', • 

: ';,1' . '''' ~ 
" ':: .. . ... 

'. ""; 

rl-A~B 

f. r 
,~ 
'" 
0': 
" 

'" .~ 
" 

", 

'/ 
.~ 

,r, 11- A 
!. 

n-~ 
.. ~ 

',~, 
;., 

:'.' , 
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Note 
~. 
.: 
!, .... 8 

- the "extra" assumptions in (I~); and (I,) 

- no L\'s only r's 

.... 
., 
'.' 

", .:5 

. .;. 
. . 

or;:, 

~. 
;'.: 
," 

~':" 

:1:. •... 
. .... 

- this presentation (call it: I rrt) has the ;.: 
.. .,: 

subformula property, giving us the.}>asis for ~'. '::'j:. 
'.j • • ••• : 

decision procedure 

propositionallogic). 

(for i nt~'ition istic: X 

- (Int is a consequence relation) :: 

'.' , 

" ., 

. ~. . ,," 
"~. 

' . 
. .. ,: 

;f .;:. 

:'" , 

", 
I .. 

.. 
,', 

:~;': .~ 
~: l 
.~ , '. 

Ab aside (Int + quantifi~~S) 9 
1.~. :' ~ 
~ ~ 
.~ ~,; 

··R ,. 
Sjppo~e we consider a langpage without any 

;'@.nstant and function" symbols, ie any 
f ~ 

c(jjlstahts of syntactic categqty name, 
~~. ~ 
~ , 
* J .,' l1'then ~ Vx. A(x) iff ~ 3x;, A(x) 

'. :~~'. ' ~2 
~ ~ 

S'~ppose we consider a language where the 
· .}~t . .~:, 

o~y cO.hstant of syntactic c~'tegory name is a 
, -f t 
u~ry 6ne 9 say ;:; I~ " '. 
~ ~ 
~- . ~ 

· ·~.then ~ 3x. A(x) iff ~ "Ix. A(x) 
", \.~ 
:.~. 
·t'· or M'Vx. A(g(x)) 
·t·· ·r, 

, .:~ '. or ~~ "Ix. A(g(g(x}}} 
... ~ 
~i( " 
~' or . ;:: . 4 ~ 

· ~ ,~ 
:~f.. 
.~ . , 

r -
N4te:The properties of the qqantifiers depend 

~"i " ',< 

cl4.~ely on the linguistic resoufces available. 
~ ~ 
~. ~ 

~ ~ ,. : 

; . ::~:' !~: 
· ~. ~ 

• ~J" .~. 
. '!J.~ . :.i 

· ~. -------



10 
. ,,-

An alternative approach is to' cope with ~t 
constructivity within 

classical logic. 

Phillosophy: 

.' . ,:. .. 
, "1" 

a modal extension of ::':, 
: :: 'f 

:' ,X 
.'!~ . 

,'.' 

'" :~' 
; te~' 

" .:; ~ 

- Constructivity is a matter of t'aste, not a }~ 
.~ " ~~. 

matter of foundational correctness. ~' ',: l 
:\ . :~.~ 

- Constructivity is a relative thing, .. $ 
.'1.« 
'>of' 

:-l • .1':: - See intuitionistic logic as a re'~triction of 

classical logic, introducing ne~w logical t 
" 

'\~ 

.~~~ 
'r: 
';1~ 

constants to deal with constructive notions 
,~ 

within the classical framework (here: }: 
. : ~:~. 

!epistemic S4)' ~%, 
" ,:~~, :r 

',~, '. . ;i,' 

.Jl 
:~ .,:. 

, ':~, 

RilationShiP of Int ,to 54 
,fj1.; 

11 

',l' " 
Rlsuh:' There is a m,apping -(due to Godel) 

:;~ 

tram' Int to 8 4 which,ds conservative in the 
~, ,.' 

sehse that: ; , 
-~", ' 

" ,~~~ 
, '~' if Godel(r) 1-84 Godel(A) then r I-Int A 

~:' 
. ~~" .. 

T~ mapping is given Oy: 
:. -f~" 

= oA ,', $.odel(A) 

. ~Odel(A 1\ B) = GOdel(A) I\Godel(B) 

<lodel(A v B) = Godel(A) v' Godel(8) 
, '~t. 

, <Aodel(A --7 B) 
,t: 
$.Odel(!) 
It., ' 

= 0 (Godel(A) ~ Godel(8)) 

=!: 
f 
'k~ . 

" ~odel(3x. A(x)) = 3x~ Gode,I(A(x)) 
'?!" '.., '" 
<.S,odel(\lx. A(x)) = 0 '1x. Godel(A(x)) 

'is;-:: 

.\~ 
~;' 
'~ 

, l~, 
,t" 

, ,;/;:' 
JI-
.~ 
~. 

~-.- .. 

" 

.' 



Why modalities and not predicates? 12':' 

Options: 

epistemic operator 

KA: A is ideally or 

potentially knowable 

or the stronger A 

is known 

K(x}: x can be 

observed ',or x can 

be constructed 

:g 
..... 

? .. 

There is a problem with taking 'Kt\' as 'A is ':~' 
known': 

't,.: •. 

we don't necessarily want to claim that alt ij' 

the consequences of A are kndwn if A is'' '~:~': 
·r~. 

known. (Accommodating this take,~ us away' :~:' 
;. ~~:~. 

from understood logical systems.) " :' J, 
:. '!:: 

); .. 
" 

" ,,' , f' 

';\; 
.," ,.. . .~~" 

'" . ?f.. 
;'J" 

',,' ,:~, 
~{. 

• i· •• 
ltirati'~e concepts 
~: 

13 
,''f; : ' 
~dal';operators are, in general, examples of 
~ " , ' 

it~rati~e concepts - it is meaningful for one 
,~, .. , 

~:~erat9r to occur within the scope of another. 
~:" ' 

.~~.{. 
(,,' 

,€ill K -, K A : "it is known that A is unknown" 
, 'tJ 

'<tt, 
·:i!'f· 
~:, 

: :~~ , 

i-Predicates are inappropriate (as far as c 

S'~JfaCe level understanding is concerned) fOI 
'~ , ' 

itt'rative 'concepts because: we are forced tc 
~... ' 

:;tt. .. "gp" higher order. 
',;':' 

,f 
;~" 

~~:, - ~odalities are inappropriate fo 
-:::''i 
,'. ' 

ri:~'n-ite'rative concepts (obligation ?) becaus£ 
. 'er . " 

t~y allow expressions to be yvell-formed tha 
.. ~~ . ': 

h:~ve no intuitive meaning. 
~i: "', 
'l~ 

: ':~ 
<'1-

,f', 
'f~' 

1(;" 
.~'" 

:;" 
,~~, 

4', .... • 
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• ~ 'f 

·l:. :~~ 
Basic system 

. !'-: 
. '.:/' 
' .... ~ 

"The" basic system for epistemic concepts can' "W: 
~kG ..... i' i· 

again be taken to be K:11owever a~·epistemici· > 
" ":;. 

version of S4 is often more appropriate: ':.~' X: 
:"f~' 

: j.: 
.t·:, 

KE ·. KA I- A " ,r; 
?: 

.: f~: 
. 1i"1. 

',:' f'-i· 
KI: K(r) I- A ::' ... ;:;, 

K(r) I- KA 
.. 

:{ 
,";! . 
.:g: 
.. ~! 
~::: 

<',;:, 

(Here presented in terms of rules rather than:' :~;~ 
axioms; K rather than 0) 

.~y: 

.~~ 

Sentences that begin with a 'K' ,are calle~' { 
. 'if.:: 

epistemic. :: .( 

~ ... -.~ .. 

:~}~r . 

.1f 
:~:: . 
';j~ , 
s~ 

I"terpretation 
· :.::t. " 

15 

·l .. 
.:. ~ .:, "only true statements are knowable" 

.~ 
· ',~ 

.~. .-:- expresses the deductive closure 0 
.;i'f" ~ 

,~owability 

'l 
:'<" . 
FIesults (Exercises): 
~~~ " . 

01' .... 
:ir. 
:;~ 

"';1: I- KA ~ A 
ti: 
'~~'r • 

'f;f.:'· 
l I- KA ~ KKA · ·~t 
:~. I- KKA ~ KA 
~:. , 

. ),-::' 

.·.~t· I- A' 
~! .'\) , .i, 
s;.' I- KA' .. ~.; ~. 

"~J.: 

.' ~. I- K(A ~ B) ~ (KA ~ KB) .: 
'$. 

.~. 

" :tf 
. ~. (And: = S4) 

~. 

· .:.f{:: 
if, .. 

.. ;~~ 
'1~; 
.~. 

:'}/ 
~~ 



Note 

· ~~ .. 

16 ,,', ,"~;; 
:~ .. , 

'::r 
.. ~.,: 

There are two aspects of interpretation her~' ',,~~, 
.I .:" 

one in terms of our intuitions the other in terms, t: 
. . ~'. 

of formal systems we already "understand". ::' j 
1 ' 'f , '4 

We can attempt to justify the results of 15 ,';;: 
directly: " ~~~ .. 

':, J, 
.. :' .~ .. :, 

KA -7 KKA " ~~-:: 

· :.\: 

"(1f A is known then 

, known); 
it is known that A is' J 

· 'f' .:.. 
'. ", 

:;' 
',- .;,' 

if A is known then 

known; 

it is knowable that A is, ':}; 
~'f-
'1;. 

:.r. . ..•. 
.6; .. 
~,: 

so suppose that A is knowable, then A could ':S,: 
" , 

become known,.§Q it becomes knowable tha( :~~;' 
,A is known, hence the knowability of A is: :;:~: 
knowable." ,: :·fr 

., ... ! ....... -~~. 

:. ~t: 

" '({ .. .~;:'. 

':, ~,: 
· .~: 
" '.-. 

· ~~~ 
:I, 

. . :~:".: 
'. . ... 

~Y · . ~. tr 
·~~t . 

...... 

f,' 
'- , 

:~ :,:a: 
SQ.f reflection 

~:. , ,!If 
'~. 

A :.similar line of reasoning fails tor: 
:t' , . 

, )f ' 
,,1.'- ,KA~K,KA 

,<~r, , 

17 

~' . 

bElpause even if, A is not known we may 
:~ . 

cq.me to know that it is not knowable (through .. ':";' . 
· ,:t::-

sEi}f reflection), the unknowable sentences 
· .~t:: . . . 
c~not be determined by self reflection. 

·r· '~' 'v' 
",,:j~, kno~n stronger than 'knowable 

, t not known weaker than ':"not knowable 
'I ~ , ' ~ , 
S~:, in adopting the "weaker" interpretation for 

, .(:J) ", • 

~;we are adopting a "stronger" interpretation 

fd~" K. ' 

··i . 
'~: 
4~i~ 
et> 
,~:, '" 

· '$0.,. • 

. . -i:' 
:~>, 

. ~ ~,': 
\>,' 4(: 
';,: 
,"" ,II.' 
-;t, 
",," 

• ~1\'; 

uuPe-



I . 

Disjunction 18 . 

Notice the difference between: 

K(A v B) : the disjunction is knowable 
KA v KB : one of the disjuncts is 

knowable 

The system we are considering has the 
disjunctive definabilty property: 

J- KA v KB 

J- KA or I- KB 

19 

for some name t 



20.,:. 

How do we devise systems? 

- appeal to intuitions 

- comparison with known systems 

- identify ID=w properties 

, . 

We will look at one technique to enhance this 

"methodology": 

We can treat the named modal sentences 

as rewrite-rules, or reduction laws., 

statements as to when one string of modalitie~ 

can be replaced by another. 

A modality is a string of symbols over {c, 0, -'}:. 

:'~~ .. 
. j!!: 
... tt~:_; 
/!; ...... 
'\~' . ";C . 

Mcltalit:y diagrams 
~' -
t'r; 
','/f't 
~~ 

Gi~n a system r, 
.~. :. 

:~~we write s ~ SI when r sA ~ s'A 
.. $:. .:~ 

.,} ~ , 

21 

W$.tusually represent an equivalence class of 
~ . 

mOitaliti~s by its "simplest" m~mber . 
. ~~" ;. ':', .: 

Fait eXCimple, in $4 every modality is 
"~" . 

eqTvale~t to one of: 
4! . 
: .. ~(: 

':~r 
.'~:' 

. ~. 
~. 
~lt' 
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22 =-;: ~;' Als'.' 
'i, '~, ,'@ , 

Exercise: Investigate the claim that there are -/ ,M A s~uent of the form ~ QX1, .. xn. A(X1' .. xn) , 
. ': ;:! .,t: . 

essentially only four kinds of negation~ .. ~/, "~;': wh'sie OX1, .. xn is a string of quantifiers in the 
. ,./. ~}:~. ..~.' '~~'. 

'r~~, ;~, Xi'S ,~'nd A' is quantifier free is called a grenex 

,:,:~: ~i:', nor~'al' form. 
:It: ~~ )~t " 

'?,', '~h 'lneret are intuitionistic sentences without 
~. .~.: '(:1 ~.~ . 

K , KA : the unknowability of A is ,~, ,}~ ,<~ equtt.alent prenex forms. 
··r~ '~:~. :~~~.:. 

knowable: /" { "~is is, due to the failure of the converses of 
. ,::.. ·:S~:. '5~~ . 

and the relationship between U~em, by ~·~,:·l eac~~pf tti:e following "re~uction laws": 

,',:;:: ~t: l3x. :;, A(x) ~ , 'ix. A(x) " 
':~> :}~. '~~:.'.. 
:\ ',t , J Vx.,A(x) v B ~ \;Ix. (A(x) v B) 
~~~:. :f;:' . ~~.: ; 

,,: ':::' ~k, }:' ::Ix. :(A ~ 8(x)) ~ A ~ ::Ix. B(x) 
\ ~r "'~'::' '? t ' '~" ::Ix. :(A(x) ~ 8) ~ \;Ix. A(x) ~ B 
;::' ,{; , .. ~~ ,', 

,:~;, 3~:: (useW~.'modality" diagrams to see) 
',:~~,~:' '~~,'" " 
',':.?; :? 

;It.~ 
, " l", , .. .\' 

, ":~:} ,~, " 

. -..-- .... - .-.--".-. .....,,¥ ........... *,-,p .. __ 4o a_z "aJ"p .• ,i!i!!I~.J.A~nJla. __ ~.!!id}A_·_2A_:_:r..;;[~~"_A;_a ___ &_.-2 __ el!l!!l~x"_ , ..... _ •.• _£3_ •• _* a_I ____ _ 

Negation 

: A is "false" 

: "I" know that A is "false" :: 

,KA : A is not knowable 

considering the modality diagram for ~4' 

(Begin by replacing [J by K, 

and 0 by , K ,;) 

23 
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" 
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.~:. 
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ii-

J2 
:,:. ... '"1 ,t 
:::.~ 
"~i. 
'!,.;, 

.-'t{ 
{i; 
,'~ 
i::, 
. :t~l' 

;:-11, 
.~~. 

,F:. 
;t, 
:'(;, 
·.:~t~ 
,f' 
':~' 

0"":., 
If 

;, 

" 

Dialogue Logic 

motivation 

logic of dialogue 

(the basic idea) 

a logic of c,ommitment 

(one system in detail) 



1 

Some of the originators + slogans: I ' 

(Wittgenstein) : 

meaning as use 

employment of language is an activ!:ty 

operational rather than denotational·:view 

imperative rather than declarative v{ew 

Hintikka: 
I 

analysis of quantifiers of natural language 

Lorenzen: 

analysis of social action, ethics 

foundations for intuitionistic logic 

understanding the constructive notiot, of 
., 

existence 

·i . 
'. ,. 

' .. . . . ~ 

" 
." ~ .. 

- .'·Giles":· 
:. . .:.~. 

" 

~ .~ 

' .. 

. ' .. :. 

" .:. 

" 
, " 

fQundations of physics 
,.. . 

e*-periments, testing 

l4Jic of commitment 
,!t . 

'. "... \.' 

.,' ,;' Scotf: 
~5: 'I~' 

" '. G.Hes' system as a logic of risk 

:.': .=;' c9mulative consequence relation 
'.' . , 

.;. ..... ," ,,< 

:.~ 
'., ;'. ii '. 

.. :: i Barttt Krabbe: 
::...: -.; 
' ... .',~: a}Dutc~ school of dialogue logic 
'., ~!. :~:!' 
.'" : .... 

. #'!! -,' 

. ':.' ;~. Rele~ance for computing science: 

2 

',,:., :~: ~. an ~.analysis of dialogue and dialogue 
.. ::. :-.-:." ~ .... .:'0, .' 
':: ;:~: man~gem'ent, 
. :~: ::.. 
::" . \ a~· an ~nalysis of interaction 
-:: ::;.: -!~ ~ 
. . . .~t ," . . 

~ :;::. :: 
. .i4· ;:.: 
. ~ .. ; .. 
~~~ .~: 
:. .'f' 
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Proof theory: a logic of dialogue 

"Semantics": game theoretic 

(!}:::;ru featu res: 
I 

- I play against you (nature) 

.. 3 

- moves are assertions of sentence$ 

(at each position of the game some 

sentence has just been assert~d) 

- I win if I can produce a "true" 

atomic sentence 

- You win if you can produce a "false" 

atomic sentence 
.. 

- I start with some sentence 

(the one I am trying to "prove") 

- who makes the next move is determined 
: ~ 

by the pos.ition 

.. .. :' 

Player: 

me 

you 

me 

you 

** 

4 

Moves available: 

A, B 

A, B 

A(n), n a name 

A(n), n a name 

A 



c 

Giles: 

< ' 

" 
" 

'. 
, 

5 

'meaning of any proposition is to be: given in 

terms of an obligation that is incurr~d by 

him who asserts it' ;'. 

Atomic formulas: 

- correspond to the notion of; a trial, 

experiment, or test, 

- asserting an atomic formula, A, is an 

obligation to pay £1 should a trial of '~. A yield 

the outcome "no". 

If the outcome of such trials is alw~ys fixed, 

"what follows" reduces to classical logic 

I : 

p~y opponent £1, 

if he will assert A 

assert A or assert B,' 

own choice 

#(A v B) = inf {#A, #B} 

assert A or assert B, 

. opponents choice 

#(A & B) = sup {#A,. #B} 

6 

. "~' .. ......--~ ......... _ .. -------



. . . 

Why not the following rule for & ? 

assert (A & 8) = assert A, assert 8·,' 

#(A & B) = #(A) + #(B) 

Answer: 

1) want: assert (A & A) = assert A 

7 

2) analogous rule for \:;j wouldn't be :viable 

3) loss of limited liability 

4) loss of symmetry with v 

:.~. 
",;.;, 
.!.,-t: 
. ;t: 
)~; 
J;j 
'$~, 
~~ . 
• j~ ,.z" . 

Asi~rt::, Obligation / "Value": 
. ~r-. .. 
.~: , 

.~~. -: '1: 

3x.:¥A(x).' assert A(n), for some n, 
~, : <," 

::~ .. : .. ' own choice of n 

8 

~:~~ , ... 
:~(3'x.A(x)) = inf {#(A(n)) I n E names} 
\'f~, ' 
"j~j ':. ..' 
,¥ ' .' 

\t~t~A(.x):, assert A(n), for some n, 
,.~: ' 

,~, , . opponents choice of n 
-!t". 

~,~W:(\:;jx.'A(x)) = sup {#(A(n)) I n E names} 
. ""t I • 

, ",,', ' 

'*: ;[' : 
A;~ B: assert S, ~" :" 



Arrow protocol 9 

The obligation associated with asserting an 

arrow shouldn't bind one forever . 

player 1: player 2: 

asserts A ~ B 

admits it 

assertion annulled 

asserts A ~ B 

I asserts B 

challenges it 

asserts A 

Notes 10 

1) ~ due to Lorenzen (dialogue interpretation 

of intuitionistic logic). 

2) Asserting , A incurs the same obligations 

as assereting (A ~ f). 

3) A ~ B is not equivalent to -, A v B, they 

incur different obligations: 

for A ~ B: you decide the outcome 

for -, A vB: I decide the outcome 

t 

, 



Simple facts 11 

A,A~8J-8 

[ #(A) + sup {D, #8 - #A} > #(8) l' 

A & (A ~ B) V- B 

[take: #(A) = 1/2, #(8) = 1 ] 

r, A, B J- C r, A & B J- C 

r, A, 8 J- C r, A & B, A & 8 ~ C 

r, A, B J- C 

r, A& B J- C is not valid 

[ #(A) = #(8) = 1/2, #(C) .' 3/4] 

, , 

12 
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Cumulative consequence relatio:ns 13 

What kind of a "consequence" relation ,Js I-? 

Answer: 

01-0 "both risk nothing" '~ 

" 
',' 

. ~. 
," 
!., 

,' .. 
, 
, 

''1 ..... 

rt-~ "both add A to what~~e risk" ,} 

r, A t- ~,A .. 
;, 
" .... 

" , , 

"you can risk more I"~ :: , " 

\,~ 

r,A I- ~ 

r I- L L I-~ "cutting mutual risks ;',l:" 
, f, 

!: .. 
" -, 

r, A t- ~, A "both, drop A from what we " 

~'l 

.. 
rt-~ risk" 

'" 

" 

" 
" 

: ' 

". 
, .;, 

:!-' 

" " 
.,;.' ., 
... ~~ 
.!', 

, .. :( .' . . .{;.:. 
. ~;'" 

"i .. 

.. '~!~ .. 
, ~, 

, " 
We~{;an also add: 

"?,' ':,' . 

, :~.~,I- n.~ 
, ...... '," 

~, ~ ;., 

, ::~~, t t- ~ 
, .:" " ' 

;~j. -: 

: ~;t i, 
. ",., " 

14 

"scaling payoffs" 

'Fo'(atomic formulas A1 ... An , B1 ... Bm 
.C.; .... .' ..... ' 

~1:' : . An I- B1 ... Bm follows from the 

abtite,"rutes iff 
" ,-
:~~. ,> V'# S.t. #: {A1 ... Bm} ~ R+. 
1,., .. 

t #(A1) + ... + #(An) > #(B1) .' .. #(Bn;) : ... .. -:-. 
,~~~ 

:({, 
'.~ .. , 

;~'. : .. 
. ::. ': 

, .:, 

, 

.. ,',',1 
''',t '., 

~ ':. ',. 

,:i,' r 
" 

" 



Connectives 15 

We can also give rules for the connectives: 

(Exercise:) 

Note that rules with two antecedents 

correspond to a choice. 

Result: (an "almost" completeness result) 

. payoff from playing the game 

almost(=) 

payoff from # 

(given #(A) for A atomic 

= 1 - probability' of success of trial of A 

Result 16 . 

For any A, any E > 0: 

there is a strategy of debate s.t. from the 

starting position I- A will guarantee a final 

position r I- L\ with: 

#(L\) - #(r) < #(A) + E 

.. - .............. -.. ~~ - "" , .••• ,'WSAC,,;JU.tZtAiM;st-5'.liM.$J P.$_ 4#.,.42"'4 _.~. 

t 
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